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SUMMARY ,

S The complete spin tests for fermions of arbitrary
spin, produced from a spin zero boson on an unpolarized spin
1/2 fermion and decayng into a spin zero boson and a spin
1/2 fermion are derived. The tests constitute the set of ne

- cessary and sufficient conditions for the particular spin as
signment, in the absence of more detajiled dynamical informa-
tion. Essential use is made of the R-invariance of the produg
tion process (following from parity conservation). More ge-
neral tests, applicable to arbitrary production processes,
are also discussed. . K

1, INTRODUCT ION.

It is the main purpose of this note to derive the
' necessary and sufficient conditions for a spin assignment
to a fermion produced from a spin-zero boson on an unpolari
zed spin 1/2 fermion and subsequently decaying into a spin
1/2 fermion and a spin zero boson. OQur conclusions for this
case are summarized in section 4.2 in a form allowing their
direct practical use, ' ‘

(x) - Istituto di Fisica dell'Universitd di Firenze.



We also discuss in this note spin tests appllcable : |
‘to more general production processes., Our conclusions for
the general case are summarized in section 4.1,

The derivation of the necessary and sufficient con-
ditions for the case of productlon from spin~-zero boson on
unpolarired spin 1/2 fermion is made possible by the appli-
" cation of the R-transformation to the production density ma
trix. Such a method was recently applied by Peshkin (1), and
is also related to work by A. Bohr (2) and by Eberhard and
Good (3). We obtain the necessary and sufficient conditions
- as a consequence of a theorem (shown in the text) that cha-
racterizes the most general den31ty matrix for production
of a fermion of spin s from two 1ncoherent helicity states
related by an. R-transformation. : -

. For the general productlon process we obtaln various
tests, some of them involving the longitudinal and transvery
se polarizations. These results are closely related to results
- by Lee and Yang (%), Durand, Landovitz and Leitner (5), by

~ Spitzer and Stapp (6) by Gatto and Stapp (7), by Capps (8),
- by Ademollo and Gatto (9) and by Byers -and Fenster (10). '

2. THE DENSITY MATRIX FOR PRODUCTION FROM SPIN ZERO BOSON
ON UNPOLARIZED SPIN 1/2 FERMION.

2.1 We consider the production process

‘where a is a spin- zero boson, f is a spin 1/2 fermlon, an@
F is a fermion of spin s. The production process (2.1) is
assumed to be parity conserving.

We assume that reaction (2.1) occurs on unpolarlzed
f. Initially one thus has an equal-weight 1ncoherent letU“v
re of two helicity states.

» . As pointed out by Peshkin (1) the two initial helieci
ty states are related to each other by an R-transformation.
The transformation R is defined as a reflection through the
productlon plane, or, equivalently, ‘as the product of space
inversion and rotation of 180 degres around the normal to
the productlon plane.

Each of the two initial hellclty states glves rise
to a final amplitude. Since parity is conserved in the pro-
duction process also the two final amplitudes are related
to each other by an R-transformation.

. The density matrix of the final F will thus be of
the form : ‘ :

(2.2) -,SJ[F)= z’-/’f)(%/««;’—/&w)‘({\”@/
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- The final amplitudes % and A% are not in general
orthogonal. Following Peshkin (1) we take the normal R to
the production plane as the direction of spin quantization
and denote by 4 the component of the spin of F along ®. We
expand /%> in terms of the spin eigenfunctions %>

(2.3 /%> = Z Bl >
with thé normalization
: R 2
(2.4) _‘/z‘;//a/u/ = 4 | |
Apart from an unimportant phase-factor we have

(2.5) /ﬁw . %/.4)‘7“/%/&>

as can easily be seen from the interpretation of B,aé a spa
ce inversion followed by a rotation of v around &, From (2.2),
(2.3) and (2.5) we obtain

Gy 8P B [ i < !

2.2-We see from Eq. (2.6) that g &) differs from the densi-
ty matrix that one would have obtained starting from a well-
- ~defined initial helicity state simply in that only the terms
with a-u’ = even are kept in the summation in Eq. (2.6).

In other terms: the density matrix of F, produced ag
cording to (2.1) from unpolarized f, can be obtained from
the density matrix for production,from f in a well-defined
helicity state (such a density matrix would thus describe
a pure state) simply by suppressing all the matrix elements
wj_th /a—,a.’: odd. E , , S

: The density matrix ‘§0ﬂ,fgivgn by (2.6), corresponds
‘to an incoherent mixture of two pure states. It does not the
refore satisfy the limitation e2-¢ typical of a pure state.
We have seen however that it can be obtained from the densi-
ty matrix of a pure state by suppressing from it the matrix
elements with s-4/= ot . We shall now obtain the necessa-
ry and sufficient conditions that €%’ has to satisfy in or-
der to be of such a foem. These conditions will be used to
formulate the complete set of conditions for spin s of F,

2.3 We first note that the conditions .
(2.7) e o) s R 9P =

are identically satisfied by X(E’, as can be seen from (2.6)
and (2.4). We now split ¢ into the sum of two matrices g/
and ¢" defined as follows: ¢’/ has non-zero elements~gj,=§f?

only for s-4 and s-¥ both odd; §” has non-zero elements$a;$23
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bhiy for sfxxland s=-%V both even. We know that the matrix
elements ¢¢5) with s-4 even (odd) and s-» odd'(even) are
zero. Therefore. : . -

¢F)
- (2.8) : g = f’*f”

where ¢’ has the odd rows and colums Of‘§(F), and ¢
only the even rows and colums.
' ' "
o For instance, for spin s = 5/2, the matrices gzv,gﬁ
-and gzp'have dimensions 2s + 1 = 6. The indices 4,¥ take the
“ values -5/2, -3/2, =1/2, + 1/2, +3/2, and +5/2. The matrix
¢ has the form Ll

¥

Bive Nj oy

Nj~

%

.‘-
N'q Nlb. N'\'

+

|
t
1
0
i
|
)
i
t
i
1
'
.
1
'
'

_ Only the elements indicated by little circles or lit
tle squares can be different from zero. The matrix elements ”
indicated by little circles form the matrix @/ ; those indi
cated by little squares form the matrix §" , L

‘Turning to the general discussion,,we'note that the
matrices §/ and ¢” are related by the condition

(2.9) [yl s = L8] = 4

2.@ TO'?’vand 7 applies the following theorem:
Let § be an hermitian matrix with trace a

~The necessary and sufficient conditions in order that
§ be of the form

(2.11) $ =347
where/é'is a one-colum matrix, argi
i) a>o0

ii) § has characteristic one.
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It is easy to see that the conditions are necessary.
In fact from (2.11) it follows that

(2.12) - ‘a_';/»[f] ='%/‘/AA 20
(2.13) S Sz = Sur S = 0
i.e. all minors of order two are zero.

To pfove the sufficiency let us suppose that (2.12)
and (2.13) are satisfied. From (2.13) putting 6-=1 and summing
over V. we obtaln :

(2.14) . 8%= as .

Let now u be an unltary matrlx that brlngs A 1n the diago-
nal form § ‘ :

o

(2.15) ulga = 8

, From (2.14) we see that the elgenvalues of\f are 0

or a. However only one elgenvalue a may exist because of the
second of (2.10). The diagonal matrix § has thus only one
element dlfferent from zero. We can suppose this element (who
se’ value is a) to be the one on the first row and on the first
column. Using (2.15), (2.14) and (2.12) we have, for a#0 (g
therwise § vanishes. 1dent1cally) _

(2.16) » : §= ‘Lfa: u.§§a+_ (a-Zag)((a.Zaf)

 Since aZ uj’ has only the flrst ‘column different
from zero, it can be identified with the one-column matrix

P oof (2.11).
We have thus proved the theorem.

2.5 From the proof of the theorem, as given above, it follows
that the condltlon (2.14) is equivalent to (2.13).

‘Also we note that taking Eq. (2.13) W1thﬁzvand T=z6"
we find : : ,

$nFoe = Suo Some = /5t
(2,17) . Suut 66 = Juedem = [dus

the last step following from the hermiticity condition on ¢
Eq. (2.17) tells us that all non=-zero diagonal elements of
¢ have the same sign. The condition (2.12), that the trace
be positive, can thus be substituted by the condition that
one non-zero diagonal matrix elements of ¢ be positive;

If a matrix € is of the form (2.11) it must clearly
be true that. :

(2.18) Se,v, Sup, - Shey Yy = Sk, ve St vy, o-or S,V
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ly present) will be considered elsewhere.

3. THE DECAY DENSITY MATRIX. CONSTRUCTION OF THE PRODUCT ION
DENSITY MATRIX.

© 3.1 We assume that the fermion F produced in a geneéral pro-
duction process _ :

(301) A"’B—-"F"’ s 0 e
decays according to »
(3.2) F—f' + ¢

where f' is a spin 3} fermion and ¢ is a spin zero boson. The
decay process (3.2) is not assumed to be parity-conserving.
The analysis can thus be applied either to a weakly, decaying
F (for instance = production and subsequent decay) or to a
strong%y decaying F (production and decay of baryon resonant
states). '

The production process (3.1) is a general production
process from two particles. It can in .particular occur from
a spin zero-boson colliding with an unpolarized spin } fer=
mion, as assumed in the preceding section. Some of the results
- of this section 3 and of the next section 4 are more general
- and they apply to any production process. We thus consider
a general production process of the kind (3.1) for F.

The most general density metrix of F can be written
| ) :
ST 2 S ARG
_ By specialising Sun’ as
| o, A ”
S = & [10 6077 T4

one has the matrix (2.6), typical of the special production
process (2.1) (boson on unpolarized spin 3 fermion).

as

We call ¥ and U', respectively the unit vectors along
the momenta of B and F in the center of mass frame of reac-
tion (3.1); B = (U x 0*')/1 ¥ x4'l is the normal to the pro-
duction plane, and we call V the unit vector along the momen
tum .of f' in the rest system of F. ‘

- After F decays the eigenfunction /%>, in the gene-
ral expression for ¢/, becomes, in its angular and spin de
pendence: o '

G > > E O G, B9 /) /2,5
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where Tp are the decay matrix elements,([m,flvgﬂ) are the
usual Clebsch-Gordan-Wigner coefficents and /%> ~are the
'spin eigenstates of f'. We have explicitly introduced a fag
tor (~1)1 because our angular distribution refers to the f1
nal fermion f', instead of the final boson c.

. From (3.3) we obtain, for the‘final state density
" matrix ' : , .
(/) e L’ = 4 . m(f/’)
$ =ﬁ.€aﬂf% )" @/mi.lpul//mfz ”/5/"), }fz
(Ot $v' 500) Yo (7)1 XD <Xy [

We can now calculate the angular distribution of f',
I(v), and its polarization P, using the formulas

(3.4)

(3.5) )« st
(.6) 77 = 7 9O

The explicit calculations are briefly outlined in the Appen
dix. The results are the following:

o I =5, atbm V)
with ' ot ;___

o1y k@M= (1) VEE (st s-£110) S pon (poM, 4 fop)
for even L and ., | |

Gy alyM) () PG5 52 100) Z G (i M),
for odd L. For the longitudinal polarization we have:
(3.8) I(WEV = Z; b(4,ym) }2"”(7/ |
where oy : ‘ ‘
ooty Um0 LV HO)Z G oo (M)
vfdr.even,Lband v y | : |
(3.8'") 4 /4M)=(-/)’S‘Z/£3'—?(‘z‘// "5,/[")%5}3,/1(# (4, 1’”/‘/_‘)
for odd L. The‘pblarization‘along T is given by

(3.9) | I(V}?’;}h’x?z%'ézﬂz”))f’ﬁ’)
where | |

VZie+iy
'%5},/«-/\4 (yh-M, M /‘/“)

| b,(LM) = ze/_zzs,,ﬂ 2521 (od,s-L[L0)(IM, 10/th).
(3.9'): ‘ o



"
for odd L and fer even L:
: s/ 25+
bum) < () ) L = 25 G (4 g/{a)
| A 10 )R F St (51, A5
- where - C' R (IL’M}.‘ZZ for f= Lo
(3,9"") VAVE for fede

Finally, for the polarization along V x (W x V) we have

(3.10) TR BV x (x ?):Z. b3 (Lm) W (V)

(3.9")

where

4 lLm) - //) z/},/ I (s4, -2 /Zo)(ZM 0 /M) ¢
B 8 s L

for odd L and, for even L:

, a7 25A/ lv L .
bibm)=~elZE B2 4 (s¢,s-%/{0)

(PM AT 5y (-2 /50 )

where Cg is glven by (3.9"").

(3.10")

We have normalized the matrlx elements Tl such that

(3.11) 5-11/ * /7;*21/ =7

50 that the angular distribution I(V) results normalized {o
unlty in the whole solid angle. We have also used the follo
’w1ng notations:

(3.12) o= 2Re 7y T,
(3.12") | /A= 2Im T4 TS

(3-.‘12'f) € = (/)s z[/ £/2 /%ugl"d
we have .

(3.12"1) ~ °<Z+/&?+ c?=1.

3.2 If parity 1s'consefved in reaction (3.2) &« and/G are ze
ro and &€ is +1 for final l-wave even and -1 fro final l-wa-
ve odd.

We remark that if the productlon preCess is of *the
special form (2.1) on unpolarlzed f, in all the above rela
tlons we have

- /& _/)\/ =- e.ven
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. Contrlbutlons from odd M vanish because of the spe-
cial form of the density matrix 3¢’ as given by Eq. (2 6).

We observe that in the Adair's limit of 0° or 180°
production angle (11), we must have symmetry about the direc
~tion of the incident beam, that is M=0 and $eu = u-u « In

this case the angular dlstrlbutlon contains only the even L
terms: :

(3.13) (P = = a(t,0) % (7).

even L
and the pdlariZafion P is completely longitudinal and constant:
(3.18) PV | |
3.3 The coefflclents a(L,M) and bj (L,M) can be obtained from

experiment by certain welghted averages of the angular di-
stribution and polarization of the final fermion. ,Precisely

(3.15) Cald,m) = <%

(3,16) Cbym) = BTN
(3.17) bo(,-M) = LBATCP)YD

' ; B I yM>
(3,18) by (2,-7) = PP x(FxV)ig 7
' where

4y = [T(MAT) L2,
Owing.tq thévrgality of I(V) we have:
o | a(L;M)-? Gﬁ)“ a (L,M)
énd analogous. relations for bi (L,M)

From (3.7')=(3.10") we obtain the following general
relations among the coefficients a(L, M) and b (L M)

'.(3.19)_ b UM) = :o(a.v(l,M) o -/;r ever L
‘(>3.1>‘9')  6/(4;'17) B3 °T/4[4M) : _ /vr'odatl
) - WA \ .

(3,20) b (M) = (1) EE T mallyM)  for odd L

| , A ; _/"/[Z-M}zLiM’
(3,20") - balom) - g/“*')[; (20-1){2¢+7) a(t-4,m)-

- (L#1-M) (L+1441)
L2/} (2041)(2L23) a (L /M)7 ,47" even l.

Lﬂ 24 +/

3.2 (ZM)m’——&:lTMa(ZM) %roddé‘
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| | ;/ZM f-mitsm).
(3.21") A (‘ M) = (’) ’“’(ZSH)/; /z(z ,)(Zi.,ﬁ;’} /( wM)-

1 ([+/-Ml(£f/+M) a/z_,,/ M)] ﬁf even L

1*7 (2£+/){2L+3)

and also
(3.22) 4, (ZM) (-/) 5 (l M) for odd L
(3.22') 4 (ZM) (/)5"‘z é 4,(¢,m) - for even L

,which'afe equlvalent to (3.21) and (3.21') respectively

B For L = 0 in the w.h.s. of (3.20') and (3.21') .only
the second term in the square brackets exists.

All the above relatlons are valld for any productlon
process of F. ‘ v

‘These relations can furnish a general test for deter
mining the spin and decay parameters of F, provided only that
" the transverse polarlzatlon is appreciable. In fact, flttlng
'these relatlons for varlous values of L and M, we obtain

£, &’ =(-0)° (zsu)é ;o (25+1)/s

_as parameters. Using (3.12"') we obtaln
(3.23) B /&"Z+.e’ = (2s+7) (/-o(z)

which gives‘ﬁnambigously the spin s (which in turn pefmits
‘the determination of 3 and & ) if A, # 0 and X # * 1.

Other tests given in ‘the following are valid for this
partlcular situation,.

' ~ As a particular case, using (3. 20') and (3.21') with
L =M =0 and also (3.19') and the definitions (3.,15) -(3.18)
we have, for any value of o ¢ . _
’ /gt___ <P (FxV)>
T PRGN
1 XPVx(Bav)>
‘ LBV (FeV)>
and (3.23) can be written
<P(AxV )>Z+ <7?7*/ﬂx V)>
EPIEVD- <A

This relation provides a very direct general test for the
spin s.

(3.24)  (2<+1)%=

3.4 Let us conq1der in detail the case in whlch the. partlcle
F is produced in reaction (2.1) that ‘is in a strong interac-
tion between a particle of spin 0 and an unpolarized partlcle
of spin 3. »
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‘Egs. (3.15), (3.7") and (3.7") can be written as
. S- 2 -~
(3.28) (Yy” D = (1) VEE 9,054 s "//o/Zf /4,,,//’*,0///«*"/)
where M is even and ‘
‘. S ' ' l for even L
- jézii/g/*o()*('—/) L{/—o{)_? - {

L for odd L

Eq. (3.25) can be’inverted glVlnp.v

{ Vér (S S4-2/L-M) NyM
()A 4r2: F 5_21740} <}£ >

(3-26) /(,4/!1 25+/

We now discuss a possible way of using this relation to test
~ the spin of F.

Determining from the experiment the averages <YL>
} for a fixed value of s we can Qonstruct the matrix p¢)
‘whose elements ng are given by the r.h.s. of (3.26) and
where v=/4+M , If o=z 0, for the odd-L terms wue can. substi=-
tute the undetermined form lﬁi<YE ‘by <P.V YL> s using 619').

Now_? must be the F density matrix (2.6) and its
matrix elements must be of the form .

- <) . B
(3.27) ( /ék/gp ; V4 = M= even
We ea51ly see.that the COﬂdlthhS
- (F)+ *)

(R RS Vs ST

are identically: Satisfied by (3.26).

We have shown, in section (2. u), that the necessary
and sufficient conditions in order that f Ibe the density
matrix of F, produced according to reactlon (2.1) on unpola
rized f, are that, after decomp051ng f( accordlng to Eq. (2.8),
~both ¢/ and $” have characteristic one, and their traces be
non- negative. :

Y, CONCLUSIONS."

- We now summarlze the p0351b1e tests for the deter-v
'mlnatlon of the spin of the particle F, :

u 1 General tests, valid for any production process, are tho
se considered bv Lee and Yang (4) and by Durand, Landovitz
and Leitner (5); which follow from the conditions

: ) )

> - =4

(4.1) | Seu 20, %7?%“ |
_332 - is in fact the probablllty Pu to find F with spin com-
ponent/k along any dlrectlon'ﬁ | DR
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The tests we shall consider here are 1nequa11t1es,
following from (4.1l), which constltute necessary, condltlons
for the spin assignment.

We have two kinds of such inequalities. First we ha
ve limitations on the experimental averages (3.15)-(3.18)

~ for M = 0. In fact all the expressions of a (L,M) and by (L,0)

contain the factor
/(,u (S/a/ da/s/k)

whlch is the expectation value of the Clebsch-Gordan coeffi
01ent (én,h’/sﬂ ) in the initial state. Thus we have

.0 SE G om0/ < Mar [sn, Lo/5m)]

where the notatlon Max on the r.h.s. of (4.2) means the ‘max
imum. value of the argument w1th’pespect to M.

"For the angular distribution we_have:
W.3) KRGS ) < [(5E,L0 fsE)] Mar [(sm, L0 /sm)]

where we have used the Legendre polynomials P, instead of

the sherical harmonicsj for odd L we have als® made use of

the condition M/<4 , For L = 1, being Max /(5,70 /sa)) = (s/s+1)%
we obtain the well known 1imitations of Lee and Yang:

(b.u) | /<FT> ) <

For the longitudinal polarlzatlon we have limitations
analogous to (4.3) and (4.4):

4.5) K73 Rty < /(sz , 40/55’}/ Pher flsn, tofs3))

25’*2

which for L = 1 becomes
‘ - v : 7
(4.6) ‘ /<(/"?V)(/7V)>/S TP

Analogous 11m1tat10ns can also be found for transverse pola
rization but they result less useful than the preceding. For
example, from (3.9") and for L = 0, we obtain

287

wen KERI> )5 S
. More general tests we can derive from (4.1) are li<
mitations on some test functions that we can construct from

the experimental. averages.

We have, independent of the value of «*

M=% (Sh,so4 [La)
4.8) s (/) ‘2$+,§/za+)~(-£—’_j—z-,—§;§)—<a> 20

In fact the sum over the even-L terms gives (B + ,m.) whe
reas the sum over the odd-L terms gives ;_( (P P/A). Since



4.

ld/$1 the entire sum is positive.

We notice that limitations entirely analogous to (4.8)
~pold for the test functions obtained by the substitution in
(4.8) or <Z> with {F-TA>:

Analogous but a little more complicated test functions
can be defined for the transverse polarization (See e.g. ref.
5).

We enphasize that limitations (#.3)-(4.7), or alter

natively (4.8) and analogous, must be verified for any pro=-

duction process, but they are in general not sufficient for

the spin determination. We also remark that such limitations

do not involve any knowledge of the decay parameters d»é and
& . ‘ .

~ More precise tests, also valid in the general case,
are those discussed in subsection 3.3. They consist in veri
fying the relations (3.19)-(3.21) among the averages a (L,M)
and bj(L,M) defined as in (3.15)-(3.18). This would give the
possibility of a direct determination of the spin and decay
parameters of F (see e.g. Eq. (E.24)).

4.2 We now discuss the particular case of production of F
from a spin zero-boson on an unpolarized spin 3} fermion.

Complete tests for the spin of F can be performed
in the following way:
i) From the experimental angular distribution I(¥) of f' in
the decay of I according to reaction (3.2) one computes the

averages
> = [ 1) 4y

where dny is the element of solid angle around ¥, the unit
- vector along the momentum of f' in the rest system of F.
ii) One then constructs the test matrix

s) ,
(4.9) Siv = E Qo (1) 5 Y7

where V=A4+M,M even, and

_, | fd VOT 5 (o $v/fl-m)
w0 gl ) = (1) fzw 2 Gt st flo)

The coefficients C;ﬁ (L) have been numerically evaluated for

s = 1/2,3/2 and 5/2. Their values are reported in tables. Ia,
Ib and Ic. In (4.9) gy is given by . .

{ﬂi for even L
92 £ for odd L

The decay parameter K can be determined for instance from
(3.19) as the average longitudinal polarization
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(411 o= TS

1ii) The test matrix £w,in order to be a possible density
‘matrix for F produced from a spin-zero boson on an unpolarl
zed spin 3 fermion must. be such that the two matrlcesgam,(ob
tained from $,, by putting equal to zero the matrlx elements
for which s-u« and s=->» are both even) and s%w (obtained from
Suw by putting equal to zero the elements w1th s-4 and s=w
both odd) both have characteristic one, and non- negatlve tra
ces. The condition on the characteristic can be verified by
computing the [(2s-1)7272 independent minors of order 2

for each of jthe two matrices ¢’and $” and verifying that they

be zero within experlmental error. A convenient choice of
the 1ndependent minors leads to the set of relations (in tgo
tal 3(2s- 1) relations)

(4.12) f&x-ﬂ;z 2§47 Shu
(4.13) | | 5" f S’/'f,z- f‘gyg,v

where 6 and T take on all possible values different from «

in (4.12) and all possible values different from/ in (4. 13).

To the relatlons (4, 12) and (4.13) one must add the condi-
tlons

4,14 ¢ > PR AR
.( 14) e o auwd P |
(See subsectlon 4,1). Egs. (4.12), (4.,13) and the inequali-
ties (4.14) provide a necessary and sufficient set of condi
tions for SPin s of F.-

Other procedures for checking the condition that ¢/
"and @” have characterlstlc 1 ¢an be derlved by choosing dif
‘ferently the £ (2s=1)/272 1ndependent minors of order 2
in'both ¢ and ¢ . The most convenient procedure will pre-
_sumably be suggested in each case by the numerical aspect
of the matrudtgzg determined empirically accordlng to (4. 9).

Of course the general tests discussed in sectlon b,1
for a general productlon process also apply to the case di~
scussed in this section.

APPENDIX.

We shall brlefly derive the general expressions of
the coefficients a(L,M) and bj(L,M) of Eqs. (3.7)-(3.10) u-
sing the standard Racah's algebra.

a). Angular distribution.
From (3.5) and (3.4) and u51ng the formula

ho1) WOV = ()" ‘z Z ea/za)//m,ém'/m)}’ W)

where we have used the abrev1atlon
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Z = J2d++1
we obtain
(A.2) () 312}1 a ) Y1)
where oA
alim)- (2 = = Sz TR L 0/ l0)
(he25) () 2 fsps ) (', s ) o, O o)

mm’p

Using the formula
£ (a4 48 /€ ) oc 2 T ) (47 dS/FP)=
<87 Wlabed, of )(ax, {/eF)

where W is the standard Racah coefficient, and the symmetry
properties of the Clebch-Gordan coefficients, the sum over
the magnetic quantum numbers in (A.2') becames

CNEE2] W (clsel L) sul, im) sp)

(A.3)

. We now use the remarkable formula

(s bd(bo,dojfo) W (abed; 4f)= (aF 1¢-2/f0)

-so that any dependence on 1 and 1! dlsappears in the coeffi
cient of Ty Tl in (A 2') and we obtain:

(A.5)  a(LM) < ()t (s-z,s—,_/zo)z ;75*2 ﬁ%,(yu;zm/f/q)'

Observ1ng, now, that 1 and 1' take the values s #+ .
and that 1+1'+L must be even because of the C.G. coefflclent»
(bo,¢0/o]in (A.2'), and remembering the definitions (3.11) and
- (3.12), we obtain from (A.5) the expre351ons (3.7') and (3.7")

respectlvely for even and odd L.,

'b) Polarization.

Let us define three orthogonal unit Vectors as

(A.6) <V, W= /?:/ ; %=1 x7

The pblarlzatlon of the final fermion f' along the direction
Vi 15, by (3.6) and (3.4):

[/7) P VL ‘Z’;u/uz(‘/) :'Z’_ ’/fm/ Ezﬂ/s’/ﬁ)

(O $upr) Y)Y < IETE)vD

It is easy to see that

: X
(A.8) (v'/‘i?. /> :;1'7—2(3’»’, 1x/4v) Y, (lZ")

(A.7)

Furthermore we ‘can express the spherlch harmonies . of argu-
ment v2 and V3 by those of argument v:
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(A9 IRV - L’E(fx, lo/7x) )/,’é(?) |
S RN R A GO LA (R AP

Substituting (A 8), (A.9) and (A.9") in (A 7) and us1ng suc
: ce551velly (A 1) we get

a0 I(DEV =L Lum)'

where -

bam- f = G D ;fﬁz/fﬂ,w//@).
.10 //ﬂ,/o/lo}f_ 1) //m,z,,/,u)//u vsut)

)"x

/) e, e )//ffux/w)
(A1l I(V/?( V)= 6 MET@)

‘where

L Az(//M)_l 23”— /\.Z gﬁ/al.z.(/) 77, /[’Z////ﬂ/f@)
- (A.11h) 'v'“V? k¢hﬂz. (Omﬂ%zVAVXQMO'%&WO

vwx x’

R (V] 12/49) (Un, Ol V' f//z,,,” 12 Jm )%, %o //x’)
(A.12) "I(?/ﬁ’?x(nxv) 4_55(4 ”7)}2”7/?)

whére " _
| é (GM)= }/- 7 /W /{,7 (—/) 7'/?;*’[4/
/ . (0.L0)00)(20,10) 20/ 0, 6/10) 2 € i)

(A.l?') _ m")—’y’x
(Ut 59,4, o ot 1) )
/é’” 4 10/i) - (4 001t0) = I (b, 40/ spe) (4 Jip).
($» ’/o/l v)(/m em ’/[M)]

i) Calculatlon of bl(L M).

: To perform the summations on the magnetic quantum
numbers we shall use the formula

S (ax,é8/e)(ad; e€/£8) (32, 48/éx) /da/do/‘// 7// /, eEf48)=
(A.13) s

W sppicamenfiii]

~where X is the Wigner 9-j coefflclent
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The summation on the magnetic quantum numbers in
{A.10') ‘gives then:

ot X (i oo/
(”L /

U51ng now the identity: 2 4 jl
A d4EZ (a0, M//a/m,w/,au “ e ,/
(A1)
. _/ )d+e+k.. /62/6 z’/éc’)

which can be proved using the expression of the X- coefficient
in terms of Racah W-COPfflclents and (A.4), we get finally:

(A.15) 6,/4/’//=/-/) o /5515-2/10)2,7‘7”'5 RIS,

Observing now that in (A.10') 1+1'+L must be odd and
remembering (3.11) and (3.12) we see that (A.1l5) goincides
with (3.8') and (3.8") for even L and odd L respectively.

ii) Calculation of bjy(L,M).

In (A.11') we first perform the sum over x’; using
(A.3) we obtain:

Z (/x /o//x///z il fim )=
= -3 %, ,(‘ W(1/¢€%, 14 )(1x, " "//'/)//o,/)'/ZM)

We now perform the sum over the others magnetlc quantum' num
bers by means of (A.13) gettlnp

Llgm)= i 7\-2‘_%,2 ()" r L7 wzﬁ//a 6/¢%)-
/o/zo);/zww Yol L bwiphlfoslin).

‘ We must now distinguish between the case of odd-L
and the case of even-L. In the former case the sum over £
contains the one term f = Lj furthermore we can use the iden

tity-
- {/'Z /!zr, 20/, Aoflo) Witisn; 10) X / ’ "/z

(A.17) , e
. . -—_W(SZ, s’z/l())

(A.16)

so that for bdd-L, being 1' = 1 and remembering (3.12™), we
easily obtain (3. ').

L For even L we have f = 1" = L + 1. Using now the i
dentity ’

A :
A A ,Z / s SZ , ; o
(A.18) Ll (o, t616%) & _f,,’;,, fl/ VZ ””//m (55, I*;/Q’b)

and the explicit expr9551on
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Carey (00,1 o) (1) = = e i T
where
(A.lg') };;, _ | ”7 for 1" = L=-1

. 1 72% for 1" = L+1

and using the definition (3.12') we immediately obtain (3.9").
iii) Calculation of b3z (L,M).

, Performlng in (A.12') the summations on the magnetic
quantum numbers maklng use of (A, 13) we obtaln.

bilh)=)= 5 >z 5;«,‘,2(/; T A [z_ f Lpototty 0510%)-
(A.20) L 70/14)//’0 /a//o)/ TALLs /a)//”  1ofIM) X Z/ A ]

” (I/I/
#tyZ oo, Colt) 5 FUsr, ffor ) (M//’M)fﬁ’s 7 f

In the first term in the square brackets we perform the sum
“mation over 1" using the identity (A.14) and also we change
- 1"' in f so that b3(L M) can be written:

a2 44m)- % z, Do Z(/) r7;, ;//o,w/m}/,w /M/,a)ﬁ/ﬂ)
w’here 2<% :

N/.z/ 107 (00,0 /10) X /m i -
v 'K‘l)l.‘l‘*s*?— (fﬂ,'/O/ZO)(fz ’ S'z’//a) '

.~ Let us consider first the odd-L case., For f = L+1
is D(f,L)=03 it remains the term with f = L which, being
1=1'+1 and using (A.18) and (3.12'), gives rise to ¢3:10").
For even L, D(f,L) is zero if f = L; for f = L + 1 is:

(A.21")

D(£,f-1) = ﬁ?z__zi,e:—ff_(‘i" $-£/40)
D(f,f+1) = _—_Zi&

Viznars (<4152/fo)

Putting these expressions in (A.21) and using (3.12") we ob
tain (3.10™).
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, . N )
TABLE I - Numerical values coefficients 9‘//(_,” (L)
A
LM + 3 -3
Ia:rs =} olo| 1.7725 | 1.7725
1]0 3.0700 | -3.0700
A .
LM + 3 + 1 -1 - %
~ lolo}| o.ss62 | 0.8862 | o0.8862 | o0.8862 |
Ib:s =3 110 4,6050 1.5350 | -1.5350 | -4,6050

2 2|0 -1.9817" | 1.9817 1.9817 | =1.9817

| 212} o0.0000 | 0.0000 | -2.8025 | -2.8025

13 |o | -0.7816 | 2.3%u7 | ~2.3u47 0.7816

3|2 | 0.0000 | 0.0000 | -2.4716 | 2.u4716

Ie: 5.2 5
— . A — . ,
L M #5/2 +3/2 S ¥1/2 ~1/2 . =3/2 - =5/2

ojo | 0.5908.| 0.5908 0.5908 0.5908 | 0.5908 0.5908
1|0 5.1166 3.0700 1.0233 | -1.0233 | -3.0700 | -5,1166
210 |-=1.6514 0.8303 | 1.3211 1.3211 0.3303 | -1.6514
2|2 0.0000 0.0000 | -1.2792 | =1.7362 | -1.7162 | =1.2792
3]0 |-1.9540 2.7355 | 1.5632 | =1.5632 |.-2.7358 | 1.9540
3|2 0.0000 0.0000 | -3.3843 | =-1,5135 1.5135 3.3843
4|0 0.8862 | -2.6587 | 1.7725 | 1.7725 | -2.6587 0.8862
‘4|2 | o0.0000 0.0000 2.6587 | -1.9817 | -1.9817 2.6587
4|y 0.0000 | "0.0000 0.0000 0.0000 3.3160 3.3160
5 {0 | 0.1960 | -0.9798 1,9595 | -1,9595 | 0.9798 | -0.1960
5 |2 0.0000 0.0000 0.8980 | =2.0079 2,0079 | -0.8980
5 |4 | 0.0000 0.0000 0.0000 0.0000 2,1996 | -2.1996
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